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Abstract: We employ the generalized bracket formalism of nonequilibrium thermodynamics by Beris and
Edwards to derive Lorentz-covariant time-evolution equations for an imperfect fluid with viscosity, dilatational
viscosity, and thermal conductivity. Following closely the analysis presented by Ottinger (Physica A, 259, 1998,
24-42; Physica A, 254, 1998, 433—450) to the same problem but for the GENERIC formalism, we include in the
set of hydrodynamic variables a covariant vector playing the role of a generalized thermal force and a covari-
ant tensor closely related to the velocity gradient tensor. In our work here, we derive first the nonrelativistic
equations and then we proceed to obtain the relativistic ones by elevating the thermal variable to a four-vector,
the mechanical force variable to a four-by-four tensor, and by representing the Hamiltonian of the system with
the time component of the energy-momentum tensor. For the Poisson and dissipation brackets we assume the
same general structure as in the nonrelativistic case, but with the phenomenological coefficients in the dissipa-
tion bracket describing friction to heat and viscous effects being properly constrained for the resulting dynamic
equations to be manifest Lorentz-covariant. The final relativistic equations are identical to those derived by
Ottinger but the present approach seems to be more general in the sense that one could think of alternative
forms of the phenomenological coefficients describing friction that could ensure Lorentz-covariance.

Keywords: nonequilibrium thermodynamics; single-generator bracket; GENERIC; relativistic hydrodynamics;
imperfect fluid; thermal conductivity

1 Introduction

The generalized bracket formalism of nonequilibrium thermodynamics introduced by Grmela [1-3] and Beris
and Edwards [4, 5] attracted considerable attention in the last decades, since it provides a systematic and solid
framework for formulating time-evolution equations for fluids with a complex internal microstructure that are
consistent with the fundamental laws of thermodynamics. Coupled, in particular, with a microscopic model
describing physics at a lower level, it has been used with remarkable success to address a variety of problems
in Soft Matter. We mention, for example, the flow of polymers past a wall [6, 7], the rheology of wormlike micel-
lar solutions [8], the formulation of constitutive equations describing the phase behavior, microstructure, and
rheology of unentangled polymer nanocomposite melts [9], the rheology of agglomerating blood [10] and of
aggregating particle suspensions [11], and the description of heat and mass transfer in multicomponent sys-
tems [12]. The formalism is based on the idea that one can use an appropriate “thermodynamic potential”
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so that the fundamental properties of equilibrium thermodynamics and classical mechanics can be carried
over to dynamic, nonequilibrium systems. This fundamental potential is an extended form of the energy of the
system, defined as a functional in terms of a small set of independent (hydrodynamic and structural or internal)
variables that are assumed to uniquely determine its macroscopic state.

Historically, the development of the Hamiltonian formalism for dissipative systems started with the pioneer-
ing works of Kaufman [13], Morrison [14, 15] and Abarbanel et al. [16], and culminated to what is known today
as the single-generator bracket formalism of nonequilibrium thermodynamics [17], since the Hamiltonian is the
only thermodynamic potential appearing in the master equation of change used to derive the time-evolution
equations for the independent variables. In a subsequent study, Grmela and Ottinger proposed using two sepa-
rate generators of the dynamics [18, 19], the energy and entropy, and this gave rise to the so called GENERIC (=
General Equation for the NonEquilibrium Reversible-Irreversible Coupling) or double-generator formalism of
nonequilibrium thermodynamics [20].

As already mentioned, the generalized bracket formalism has been widely used to describe transport phe-
nomena in a variety of complex fluids. Naturally, the question arises if it can also be used to describe relativistic
fluids which are of paramount importance in astrophysics and cosmology (e.g., in the description of gravita-
tional collapse leading to the formation of neutron stars). For GENERIC, this issue was addressed by Ottinger
already since 1998 who showed that the double-generator formalism is fully compatible with the laws of spe-
cial relativity [21, 22]. Ottinger also discussed how the relativistic equations derived by GENERIC compare with
previous theories and reported that the classical theory of Eckart [23], the second-order theory of Israel [24],
and the equations of extended irreversible thermodynamics [25] and of kinetic theory [26] do not possess the
full nonequilibrium structure characterizing the equations derived from GENERIC, despite that both Israel’s
theory and extended irreversible thermodynamics are very similar in structure, while kinetic theory can pro-
vide the linearized form of the equations. It makes sense therefore to ask the same question for the generalized
bracket formalism, and this is exactly the question that we address in this article. Given, in fact, that on the
hydrodynamic level, the one- and two-generator frameworks have been shown by Edwards and collaborators
to be equivalent [27, 28], the answer to this question is expected to be positive. Our work here will demonstrate
that, indeed, the generalized bracket formalism is compatible with special relativity, since with the appro-
priate choice of the independent variables, of the Hamiltonian, of the Poisson and dissipation brackets, and
by appropriately restricting the form of dissipative rates, one can derive a set of manifest Lorentz-covariant
equations.

The rest of the paper is structured as follows: In Section 2 we derive first the equations for a nonrela-
tivistic imperfect fluid with heat flow but without viscosity, by defining all building blocks (vector of state
variables, Hamiltonian, Poisson bracket, dissipation bracket). Then, in the same Section, we extend the anal-
ysis to the case of a relativistic fluid. In Section 3 we examine a fluid with viscosity and dilatational viscosity,
and we derive the corresponding nonrelativistic and relativistic equations. In Section 4 we elaborate on the sig-
nificance of the work and in Section 5 we summarize the most important findings and discuss possible future
directions.

2 An inviscid fluid

2.1 Nonrelativistic description

In the context of the generalized bracket formalism of nonequilibrium thermodynamics, dynamic equations are
derived by invoking the following general time-evolution equation for an arbitrary functional F [17]:

% = (F,H} +[F, H] W

where t denotes the time, H the Hamiltonian of the system expressed in terms of the vector of acceptable state
variables, {...} the Poisson bracket describing conservative (convective) effects to the dynamics, and [...] the
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dissipative bracket accounting for non-conservative phenomena. Coupled time-evolution equations for the rele-
vant dynamical variables are then obtained through a direct comparison of the master equation, Eq. (1), with the
expression that results by differentiating % by parts and using the functional dependence of the Hamiltonian
on the vector of state variables.

The two brackets appearing in Eq. (1) must satisfy certain relationships in order for the master equation to
be compatible with fundamental physical laws and also have the correct mathematical structure required for an
evolution equation. In particular, the Poisson bracket must be bilinear and satisfy the 1stlaw of thermodynamics
for a conservative system; thus, it has to be antisymmetric, {F,G} = —{G, F}, in order to ensure that the total
energy of the system is conserved, %}[I = {H,H} = 0.It must also satisfy the requirement of zero rate of entropy
production for a conservative system, namely {S, H} = 0, and obey time-structure invariance, i.e., to satisfy the

Jacobi identity [29].
The dissipative bracket, on the other hand, must be a linear function of F, must be frame indifferent, and
must satisfy the 1st law of thermodynamics, i.e., 4 0, which translates into [H, H] = 0. It must also satisfy

dt
the 2nd law of thermodynamics, i.e., the requirement of a non-negative rate of entropy production, % >0,

which translates into [S, H] > 0. Moreover, close to equilibrium, the dissipation bracket must have a symmetric
structure indicative of the Onsager—Casimir reciprocal relationships [30—32] between the transport coefficients
relating fluxes to affinities (the derivatives or the gradient of the Hamiltonian with respect to the dynamical
variables). A nice feature of the generalized bracket formalism is that the appropriate expressions for the fluxes
arise automatically from the formulation (they come out to depend only on the dissipation bracket) and should
not be specified explicitly.

2.1.1 The vector of state variables

The starting point within the bracket formalism is the definition of the set x of acceptable state variables needed
to specify the thermodynamic-hydrodynamic state of the system. This typically contains field densities, includ-
ing, at a minimum, those needed to specify the system at equilibrium. For example, for a structureless fluid, the
set x contains the mass density of the fluid p, the entropy density s, and the momentum density M; thus, we write
x = {p, M, s}. The next step is to specify the Hamiltonian H, physically identified with an (extended) energy of
the system, as a functional (integral over the system volume) of the state variables.

Given the striking similarity of the single-generator formalism with the double-generator formalism, to
check the consistency of the generalized bracket formalism with special relativity it makes sense to follow in
the present work the path already undertaken by Ottinger in his analysis of the compatibility of the GENERIC
formalism with special relativity [21, 22]. Thus, we take the vector x to be an expanded set of variables consisting
of the usual set {p, M, s} plus additional vector and/or tensor variables which are covariant and of intensive
nature. More specifically, to describe heat flow we introduce a vector w playing the role of a generalized force
whose dynamics leads to a heat flux. We will find that the vector w is closely related to the space gradient of the
temperature of the fluid, and since the derivative with respect to a contravariant vector is of covariant nature,
w will be assumed to be of covariant nature. Similar, to describe viscous effects in Section 3, we will introduce a
symmetric, covariant tensor ¢ playing the role of a generalized mechanical force closely related to the velocity
gradient tensor. Overall, for the case of an imperfect fluid without viscosity but with heat flow considered in this
Section, the vector of state variables reads x = { p(r, t), M(x, t), s(r, 1), w(r, t) }.

2.1.2 Hamiltonian, Poisson bracket, and the reversible part of transport equations

Given the covariance nature of w, the Poisson bracket for the set x = {p,M, s,w} has the following form
[17, 20]:
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where the last 3 terms have been chosen so as to give rise to a frame invariant, objective time derivative for the
(covariant) vector w. Please note that in the above equations and in the following, Einstein’s notation implying
summation over repeated indices has been tacitly adopted. Also, as it is customary in the field, with Greek indices
we will be denoting the four time-space components while with Latin ones we will be denoting only the space
components. The above bracket is bilinear, antisymmetric and satisfies the Jacobi identity. In particular, the proof

of the Jacobi identity for the terms involving the vector w has been worked out by Ottinger [20].
For the Hamiltonian H we assume the following form:

| Sw, 6M;

H(p,M,s,w) = /(ekm +u)dv

_ [[Me. o
- / [Zp(r,t) + u(P(r, t)’ S(r’ t),WZ(I', t)) dVa (3)
where ey, denotes the kinetic energy density of the fluid and u the internal energy density. For u we assume the
following functional dependence:

u=u(p,s,w), @

which can be regarded as a generalized local thermodynamic relationship. In Eq. (3), we have neglected con-
tributions due to external fields. Then, in the course of the derivation of the equations of motion for the fluid,
we need the functional derivatives of the Hamiltonian H with respect to the components of the vector x of
independent variables. Based on Eq. (3), these are:

oH _ M_

5

M ) (5a)
6H M2 . ou

- 5b

Sp 20 dp (Sb)

SH _ ou _
5s  ds T (50
O —j=ow (50)
where we have defined 3
o= 2—”2. (6)
ow

Please note that in the above derivatives, p, M and s are densities of extensive variables but w? is by nature
an intensive variable.
The dynamic equations of motion are derived by writing the dynamical equation for any functional

Flp,M,s,w] = [ f(p,M,s,w)dV in the form L= f[?; ‘;’t’ ;15_ dé'f" + %g %a;':i dV and comparing terms
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one-by-one with the general evolution equation, Eq. (1), for the Poisson bracket defined above. By doing so,
making use of Egs. (5a)—(5d), defining the thermodynamic pressure p through

_ 0
P—Pap

+s@ —u(p,s,w?), 7

W2 ds p.w?

and combining terms in the momentum equation in an appropriate way, the following set of dynamic equations
is derived for such an inviscid fluid:

0 0
=), (8a)
oM __ 0 _9.
ot~ or VM5B (D)
g = _% - (vs+ij), (8
ow_ _ 9 T 9
ST A arT 8d)

In these equations, (KT)U, = V,v; denotes the ij-element of the transpose velocity gradient tensor while P
is the stress tensor defined as
P = pl+ jw, €))

with 1 denoting the unit tensor of rank 2. Because of Eq. (5d), the tensor P is symmetric. Equation (8a) is the
conservation equation for the mass (the continuity equation), Eq. (8b) is the conservation equation for the
momentum (the momentum balance equation), Eq. (8c) is the conservation equation for the entropy, and Eq. (8d)
is the time-evolution equation for the thermal vector (the thermal vector equation). Equations (8) are identical
to those reported in [21].

2.1.3 Dissipative bracket and the full form of the transport equations

For a system described by the set x = {p(r, t), M(r, t), s(r, t), w(r, t)} of hydrodynamic variables, the simplest
possible bilinear form for the dissipative bracket is [17]

OF oG 16F oG oG
F.61=— | Vi 2E Vv, (26 Yav+ [ Lo80. v.( 28 Vv, (2% \av
(£ 6] /quz l<5Mj> k<5M1> +/T5SQUH l<5Mj> k<5Ml>
oF oG 16F oG 0G
— [ av.(%\v.[ 2% \av 108 4 v (29 \v. (2% \av
/ v l<5s> ’<53> +/T53 v ’<6s)v1<6s>
OF 6G 10F, oG 6G
_ [ R 20U gy [ 198 06 96 4y 1
/ V5w, 610, +/T5s Vs, 6w, 10)

where the various phenomenological coefficients should satisfy the following constraints due to the
Onsager-Casimir reciprocity principles [17, 30-32]:

Qyjia = Qu» Vi, J, K, 1 (11a)
Aj=A; Vij (11b)
R, =R, Vij. (11¢)
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Then, the resulting set of transport equations reads

% ==V;(v;p), (12a)

% ==V;(0;M;) = VP +V; <Q]lklvk§]€[[> (12b)

+ V. <AUV1<55[:>> + ;,Rij;i;lfj9 (120)
a(;’;" = —v;(Vw;) = (Vivj)w; = VT = R;; ;H (12d)

For an isotropic fluid, the three phenomenological coefficients should have the following form [17]:

A=Ay Vi
Ql]kl ( lk6 + 5i15jk) + K’5ij5kl, Vl, j, k,l
R; =Ry Vi, 13)

with y and x” having units of viscosity. Related to them is the bulk viscosity defined as k = k" + % u. The above
expressions result in the following set of time-evolution equations:

9 _ _0
ot~ “or VP (14a)
oM 0 d
5= o M- P+ oo, (14b)
0s d 1 Ay 0 0 0 d 1 .
%= "or (v S+])+TGK + ]O‘OET P <A0001.T>+TR0012’ (140)
ow_ 0. 1 0. o, .
ot =~ VgV K W arT RyJ, (14d)
where o is the extra stress tensor given by
6=M(KT+K)+K/ i'V 1 (15)
or

In the next Section, we will focus on the relativistic case where no terms proportional to Q and A are allowed
[21]. In this case, the transport equations reduce to

0 d
=), (162)
%=_%.(vm)_%.p, (16b)
% aar (vs+j) + 1R00] , (16¢)
W ey S ow— DT Ry (16d)

From Eq. (16¢), in particular, we can identify the thermal conductivity as A = %
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2.2 Relativistic formulation

2.2.1 Definitions of fluid properties and some important thermodynamic considerations

Due to the increased density of the fluid from the contraction of length in the direction of flow, for the rest mass
density we take

where
1

y=——
UZ
Vi-@a

is the Lorentz factor, with ¢ being the speed of light. In Eq. (17) but also everywhere in the following analysis, the
subscript “f” will be used to denote properties of the fluid evaluated in its local (comoving) frame of reference.
The next step is to introduce the Minkowski tensor for raising and lowering indices:

(18)

-1 0 0 0
0 10 0
7= 19)
0 01 0
0 0 0 1

and define the fluid velocity. Despite that there are various possibilities of defining the local fluid velocity, fol-
lowing Ottinger [21, 22] we will prefer Eckart’s definition [23] according to which, in the corresponding reference
frame of the fluid, the time-like Lorentz vector u# of the fluid velocity becomes u% =1and u’. =0 (i =1,2,3).
In the fixed Cartesian frame, we work with the dimensionless velocity four-vector u# defined in terms of the
components v; of the velocity vector v through

W=y, u=y2 (20)

so that u,u# = —1. We also introduce the four-vector of partial derivatives d, = % (u =0,1,2,3) where
x0 = —X, = ct is the time coordinate and Xt = X; (i=1,2,3) are the three space coordinates (the Cartesian
components of the position vector r).

Of key importance for the rest of the analysis is the definition of the energy-momentum tensor. To this, and
following [21], we assume that this tensor has the following general form:

T = (ppc* +up — u P Pug)urut + P, 21
where, inspired from Eq. (9) of the nonrelativistic case, the stress tensor is taken to be:
P = pt' + o pwtw”. (22)

This implies that we have elevated the 3-d vector w to a four-vector w* parameterized by its time component

w and its three Cartesian components w;. The time component w° of the vector w will be defined a little later by

postulating a generalized (thermodynamic-hydrodynamic) Euler equation for the relativistic fluid. In Eq. (21),

Uy is the internal energy of the fluid in the comoving frame of reference, for which we assume the following
functional dependence:

up=up(ps,Sp,We%), 23)

with s; denoting the entropy density of the fluid (in the comoving frame of reference). Similar, p; is the thermo-
dynamic pressure of the fluid in the comoving frame of reference. How wy is related to w is discussed by Ottinger
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[21]. In analogy with the nonrelativistic case, we also introduce the following (relativistic) fluid properties in the

comoving frame:
dus

lu - > (24&)
=9 Py
dus
Tp= -7, (24b)
ass
2 0 (240)
=4i4—, C
Of awfz
and we further assume the following thermodynamic Euler equation:
From Egs. (21) and (22), the expression for the energy-momentum tensor becomes
T = <pfc2+uf+pf+af(uaw")2>u"uv+P”". (26)
From Eq. (21) for T#¥, we also identify the momentum vector components (M; = %TOi) as
— (700 _ poo\ Vi o 1noi
M; = (T% = P%) =1 + =p%, @7
¢ oc
or, equivalently,
— 2 2V oW
M= (pse +uf—uaP“ﬂuﬂ)y p+afw o (28)
By noticing that
T = (p;ct +u; — u,P%up)y* — pr + o, (29)
the momentum vector can also be written as
— (700 2\ V w

Since p fcz is the contribution of the mass to the energy, the rest of the terms in Eq. (29) should represent the
total internal energy density of the fluid (the sum of internal and kinetic energy densities).

To develop suitable transport equations for the relativistic fluid, we take the vector of state variables to be
againx = {p, M, s, w} as for the nonrelativistic one. Then, from the energy-momentum tensor, the Hamiltonian
(total energy) of the relativistic fluid is

HEx) = / Td%r; (3D

thus, the functional derivatives ‘;—Z that are needed in the construction of the Poisson and dissipative brackets
can be calculated through
SH _ or®
5x ox ’
For the vector x = {p, M, s, w} defined above, these derivatives have been obtained by Ottinger in [21] and
read

(32)

SH _ ¢+ Hy (33a)
op Y
SH
v, (33h)
T
oH _ % (330)
0s y
o _j, (33d)
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where now the heat flux vector is given not by Eq. (5d) but by
. A

With the help of Eq. (33), we can also fix now the time-like component of the four-vector w* as well as the
fluid entropy in the comoving frame. To this, we demand the following generalized (relativistic hydrodynamic-
thermodynamic) Euler equation at the level of the total energy of the relativistic fluid:

OH . OH | oH _ 00
p5p+M 6M+S<Ss_p + 7%, (35)

In Appendix A we examine under what conditions such an equation applies and we find that Eq. (35) is
identically satisfied if: (a) we chose w° to be such that

Ty
wﬂu” =—— (36)
c

and (b) take the entropy density to be

c T
s=ysf+cf<w°—cfy>. (37)

These were the missing building blocks before applying the generalized bracket formalism to derive the
relativistic hydrodynamic equations for a relativistic fluid described by the set x = {p, M, s, w}. In fact, Eq. (37)
suggests the following expression for the four-vector entropy of the relativistic fluid:

]/4
SH = st 42 (38)
C

with
JH=0q W - &u" . (39)
! c

This is a beautiful result, since it also indicates how the flux j is elevated from a 3-d vector to a four-vector.
Indeed, from Eq. (34) we find that

. LA A
implying .
i=1-Lv (40b)

which is fully compatible with Eq. (39).
(")ttinger [21] has indicated several useful equations satisfied by the four-vectors w#, u#, J* and S¥. In
particular, for the following analysis, we note that u, J* = 0. With the help of Eq. (36), we also note that

TZ
T00 — <pf(,‘2 +up+py+ cffcéc)yz —py+opw (41)

Moreover, from Eq. (33c) we understand that T = % implying that Ty > T.

2.2.2 Poisson bracket and the corresponding reversible part of the transport equations

We are now in a position to write down the dynamic equations in the comoving frame. To this, we assume exactly
the same form of the Poisson bracket as before, Eq. (2), and we make again use of the following generalized
thermodynamic identity (a direct result of the generalized Euler equation expressed by Eq. (35) and the fact that
the total energy density is T%):

oH oH oH

PV I+ MV 20 + sV, 0D = Vips+ V. (42)
Cop TN, T T es J i
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Then, the reversible part of the dynamic equations comes out to be

0 0
=), (432)
oM_ 0 _9.
ot or (VM) or P, (43b)
%:-%-(vs+j), (43¢c)
ow_ _ o0 1 0T
FT v arW K W ar<y>’ (43d)
where P is the stress tensor defined as

Interestingly enough, and despite the totally different expressions of j in the relativistic and nonrelativistic
cases, the corresponding equation between P and j remains the same.
The explicit Lorentz-covariant form of the above transport equations is

d,(psut) =0, (45a)

0,[(ps@ +up —u,Pug)utu’ + P =0, (45b)
0” (sfu” + %) =0, (45¢)

w (0w, — d,w,) = 0. (45d)

2.2.3 Dissipative bracket and full form of transport equations

To complete the above set of equations, we need to add the dissipative contributions. Given that we make use
of the same set of structural variables as in the nonrelativistic case, we start by using the same general form of
the dissipative bracket as in the nonrelativistic case, Eq. (13), without the terms proportional to tensors Q and
A, and with the understanding that, due to the Onsager—Casimir reciprocity principles, the tensor R should be
again symmetric, see Eq. (11c):

SF 5G 16F . 6G 6G
F.Gl=— [ Aw SE8Gqyy [LOF, , 6G 8G 4y,
LF, ¢l /’M%wéﬂ'+/T&1m&m&d

OF 6G 10F , 6G oG

However, in the relativistic case, the tensor R should not have to be isotropic. In fact, R has to be defined such
that the resulting equations are manifest Lorentz-covariant, which places considerable constraints on its admis-
sible forms. With Eq. (46) for the dissipation bracket, the resulting set of transport equations for the entropy and
thermal vector (the balance equations for the mass and momentum densities remain the same) read:

T
%"tvz_v.aarw—KT-w—aar<;)—AlTw—R.j. (47b)

The final step is to determine a particular form of the matrix R for which a covariant set of transport
equations arises. One way to achieve this is to note that from the second equality in Eq. (40), the vector j can
be expressed as
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where
VvV

F=1-—

2 (49)

and J is given from Eq. (39). Then, we can require that the matrix R satisfies: R,;3F,, = A, - 64,, where A, a rate
constant. That is, we assume that the matrix R is proportional to the inverse of the matrix F:

R=A,-F. (50)
Then, one can show that
R=A2(1+y2%), 51)

which is exactly the corresponding entry in the friction matrix proposed by Ottinger in Ref. [21]. According to
Eq. (51), the friction matrix R depends on the velocity field, thus it is inherently anisotropic which significantly
differentiates it from the nonrelativistic case. Then, the governing equations for the entropy and thermal vector
become

. . A
%:—%-(vs+])+A1w-]+TZI'L (52a)
T
%"t" =-v. %W—KT-W— ;r<yf> — A Tw — 4,]. (52b)

The next step is to check if these can be cast in a Lorentz-covariant form. For the 2nd entropy production
term on the right-hand side of Eq. (52a), we notice that

J-i=1.J% (53)

which is manifest Lorentz-covariant. For the 1st entropy production term, on the other hand, we find
wiji=w,J" - ;7] ) (54)
which is clearly noncovariant. Thus, we must take A; = 0. Consequently, the final covariant form of the four

dynamic equations [Eq. (43a) for the density, Eq. (43b) for the energy-momentum tensor, Eq. (52a) for the entropy
density, and Eq. (52b) for the thermal vector] reads:

a”(pfu”) =0, (55a)
0, [(ppc +u;— uaP“ﬁuﬂ)u”uV +PH] =0, (55h)
"\ _A
0u(spu +2=) = FIJ" (55¢)
T
ut(0,w, —o,w,) = —A2<wv - ?fuv> [= A, (1, + uyu;)w?]. (55d)

The set of relativistic equations, Eq. (55), is identical to that derived by Ottinger from GENERIC [21]; however,
we have to keep in mind that they have been obtained by choosing the phenomenological friction matrix R to
satisfy Eq. (50). Thus, in principle, one could think of other choices of R that could render the time-evolution
equations for the entropy and the thermal vector covariant, and this is something worth pursuing further in the
future. For the rest of the analysis, we also note the following equations (see also [21]):

w,J* = afw?, (56)

JJ! = opw, J* = opwy, (57)

=(1- 7 YV (w1 YV
= (= 1) (o)
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3 Aviscous fluid

Having succeeded in deriving a set of relativistic equations for an imperfect fluid with heat flow that possess
the full structure of the single-generator bracket formalism, the next step is to consider the case of an imperfect
fluid with viscosity and dilatational viscosity. Again, we start by introducing the proper set of variables. Following
Ottinger [22], we now add in the vector of state variables a tensor variable ¢ which, as will see in the course of
the analysis, is intimately connected with the velocity gradient tensor and thus with the momentum flux. As in
Section 2, we will consider first the nonrelativistic case and then we will proceed to the relativistic description.
Considering the nonrelativistic case first will be helpful in several respects: (a) it will lead to equations that
can reproduce hydrodynamics with the correct dissipation terms, (b) it will allow us to guess the proper form
of the stress tensor to include in the relativistic description, and (c) it will provide information concerning the
most essential couplings between momentum flow and heat flow. Moreover, the analysis will help us define
fluid properties which will be identified next with the fundamental transport properties of the fluid (thermal
conductivity, viscosity, and dilatational viscosity), which of course need to be non-negative.

3.1 Nonrelativistic formulation

3.1.1 The vector of state variables

We take the vector of state variables to be x = {p, M, s, w, ¢} where c is a symmetric covariant tensor. However,
and as will become more apparent in the following sections, when we will elevate this tensor to a covariant
tensor ¢, eventually we will have to work not with the tensor ¢ but with the tensor ¢ — 1. Thus, in the following,
the new structural variable will be (not the covariant tensor ¢ but) the covariant tensor ¢ — 1.

3.1.2 Hamiltonian, Poisson bracket, and the reversible part of transport equations

Given the covariant nature of ¢ — 1, the Poisson bracket for the set x just defined in Section 3.1.1 has the following
form:

oF oG oG oF
{F,G} = {F’G}inv_/[acijvk(cij)éjwk - 5c, k(cij)]dv

M,
6G y (OF \ _ 6F o ( 6G
+/(Cik — S [(SCUV1<6M,(> B (Sc‘ijvj(CSMI()]dV

oG OF OF oG

where {F, G},,, corresponds to the inviscid case and is given by Eq. (2). The above bracket is bilinear, antisym-
metric and satisfies the Jacobi identity. The corresponding expression for the Hamiltonian H reads

H(p,M,s,w,c) = /(ekin +u)dv

2p(r, t)

with the dependence of the internal energy u on the vector w and tensor ¢ coming through the following
invariant (scalar) quantities:

2
= / [|M(r,t)| + u(p(r, t), s(r, t), w(r, t), c(r, t)) [dV, (60)

L=tr), L=tr(c?), [=tr(c®), [, =w’, [=w-c-w, [j=w-c*-w. (61)
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Thus, for the internal energy u we assume a general thermodynamic relationship of the form:
u=u(p,s, I, I, I5,I,, I, I5) , (62)

from which the following fluid properties are defined:

= % , (63a)

T= %ﬁs‘ (63b)
o = z(%, (630)
0, = 43—2, (63d)
oy = 63—2, (63€)
o, = 4%‘1, (63f)
05 = 23—11;, (63g)
%=z%é (63h)

Based on these, the functional derivatives of the Hamiltonian with respect to the independent variables
x = {p,M, s,w, c} that are needed in the course of the derivation of the equations of motion turn out to be

OH M _
W_p_v’ (64a)

SH _ _M* | ou

3 =70 Moy o

%’ - % =T, (640)
gTHN:%Ej=(O'41+65C+66C2)'W, (64d)

% = % =1= %011+ %azc+ %o-gc-c+ %asww+ %as(ww-c+c-ww). (64e)

In writing down, in particular, the last term in Eq. (64e), we have used that the tensor ¢ is symmetric. We
also note that in the above derivatives, p, M and s are densities of extensive variables but w and c are by nature
intensive variables.

By writing the dynamical equations for any functional F[p, M, s,w,¢c] = f f(p,M, s,w,c)dV in the form

; . ac;;
= e e e
equation, Eq. (1), for the Poisson bracket defined by Eq. (59), introducing the thermodynamic pressure through

]dV, comparing terms one-by-one with the general evolution

_,ou
p Pap

Jdu

= —-u (65)
s,w,Cc as

pW,C

which helps simplify the momentum equation, and defining the stress tensor P through
P=pl+jw+2t-(c—-1), (66a)

(where we have used again that c is symmetric) with 1 being the unit tensor of rank 2, the following equations
of motion are obtained:

9 __0
ot~ or (vp), (67a)

M __0 a0
o o WG B @7
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%= (w5t @79
ow_ _ 0. T 0

FT v ()rw K -W 6rT’ (67d)

?+v Ve+e-k+kl-e=x+kl. (67¢)

By further substituting Eqs. (64d) and (64e) for j and t, respectively, into Eq. (66), the following final expres-
sion for the stress tensor is obtained:

P=pl+ (6114 0,e+05¢%) - (€ —1) + (6, — 65)WW + (05 — 65) (WW - € + € - Ww)

+ 0g(WW - c* +c-ww - c+c* - ww). (68)

3.1.3 Dissipative bracket and the full form of the transport equations

For the dissipative bracket, we can use the following rather general form:

[ SF8Gy,  [18F,  5G 5G
IF, 6] = /Al Suw; 650V T /TésAlwléw-ést

_/ 6F G 4, /15FR 5G 8G
Usw i Ow; T s ”6w Sw;

OF 6G 1 6F 6G 6G
_/Az(cij (SU)(S 5st /T6 Ay (c;; 5ij)§ijgdv

oF 5G 1 6F oG 6G
/Q”kl 6ckl /T&sQ”kléc 5ckldV (69)

but to keep the equations relatively simple, we will choose Q = 0 in the following. Moreover, we can break
the tensor ¢ into its traceless € and isotropic ¢ parts, namely, ¢ = ¢ + ¢, withc = %tr(c)l and¢ =c— %tr(c)l, and
assume different relaxation rates for the two components in order to distinguish between shear and dilatational
effects. Thus, we assume that

Wisw, . 65 T s ' 6w, s

oF 6G 16F oG 6G
/RUTW‘“’*/T@ 10, 5w,

. ) SF 6G
- /(Am(cii = 8y) +An(Cy - 51'7))5,.]5(“/

1oF o 6G oG
+/ T s (g (Cjj = 6y5) + Agy (€ — 51‘]‘))%&&’- (70)

By computing the extra contributions and adding them to Eq. (67), the following full set of dynamic
equations is derived:

9 __0
o = or (vp), (71a)
M__9 ym-29.
o =T VWP )
Js 0 . o1, — AL
5= "3 (vs+j) +AwW-j+ TR+ (AyC+Apt):, (710)
MW v Ok w—0T—A . T -weR.j
= VoW K W arT A -T-w—R-j, (71d)
% v.Vesre k+x cc=Kk+K =T (A,C+Ayt). (71e)

ot
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To make the comparison with the equations reported by Ottinger in Ref. [22] (obtained in the nonrelativis-
tic limit of the corresponding relativistic ones), we have to choose the three phenomenological coefficients as

follows:
1 1 1 1 1 1

= — . — A = — . —
’ 22 ’
Ty T 1,

A=7’7, —
L

(72)
with 7y, 7, 7, denoting the relaxation times driving changes in w, ¢ and ¢, respectively. Then, we see that Eq. (71)
contain the extra term —R - j in the dynamic equation for w and the corresponding term +%R: jj in the entropy
equation. The set of Eq. (71) without the terms involving the R tensor has been employed by Ottinger [22] to study
the hydrodynamics of a fluid whose internal energy density u, see Eq. (62), is described by an equation of the

formu = uy + %0(1)14 + %a(z’lz, implying that 6, = 2a® and 6, = 2a®. For such a fluid, the thermal conductivity
4

is identified as A = 0,Tr,, the viscosity as 4 = 20,7,, and the dilatational viscosity as k = 3

GZTO.
3.2 Relativistic formulation

3.2.1 Definitions of fluid properties and some important thermodynamic considerations

To include viscosity, we take the vector of state variables to be again x = {p, M, s, w, ¢} but now we will elevate
the covariant vector w to a four-vector and the mechanical tensor c to a four-by-four tensor. The time-like com-
ponent of w will be exactly the same as before. For the mechanical tensor c,,,, on the other hand, which will be
closely related to the velocity gradient tensor, we will assume the following form:

A% A% A\
—.(c—=1 - — 1—¢)- —
c ( ) c ( ) c -

() =

(1—c)-Y C
c

This has been constructed such that its time-like components c,; and cj, obey dynamic evolution equations
whose structure is very similar to that of the space components c;. Moreover, the ¢y, element was selected such
that ¢, satisfies the following property:

U’ =u, (74)

Of key importance for the subsequent analysis is the definition of the energy-momentum tensor. To this, we
assume again expression [21] but with the understanding now that P#¥ must be defined differently in order to
account for the presence of the new variable c,,, . We also assume that the thermodynamic state of the fluid in the
local rest frame is described by a general relationship for its internal energy u, as a function of the independent
variables of the form:

ur= uf(pf,sf,11,12,13,14,15,16), (75)

where the six invariant quantities I, I,, I5,1,, Is, I are defined exactly as in the nonrelativistic case:
L=tr(cy), I, = tr(c?), I = tr(ci), L=w. I,=w;-¢; Wy,
Iy=wy- c? Wy, (76)

with the subscript f used to emphasize that the corresponding fluid properties are evaluated in the rest frame.
How the scalars appearing in Eq. (75) can be evaluated in any reference frame is discussed by Ottinger [22]. We
also define the corresponding conjugate variables in the comoving frame, exactly as we did in the nonrelativistic
case:

= Gay T s T Tar o1 =gy o1 =gy ™
ou ou ou
f — f — f
O-f’4_4614’ Gf’s_zals’ O-f’s_zaIG.
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Moreover, we demand the same Euler equation as the one expressed by Eq. (25).
Then, motivated by Eq. (68), we assume the following generalization of the stress tensor:

2
Py, = Pyl + (Cus = Mua) (07aC + 050" + 075¢) + (074 — 0p5)wyw,
+ (075 = 0p) (w07 ¢), + ¢y whw,)
+af’6<wﬂw’lcﬁv +Ci,1ijv +cﬂaw“w”cﬂv). (78)
This, in turn, defines the total energy of the relativistic fluid which is given again by Eq. (31), with the energy-

momentum tensor described by Eq. (21). Moreover, the momentum vector components are

1
M, = (7% — po0) & 4 Zpoi 79

= ) 27 ¢ (79)
The next step is to compute the functional derivatives ‘Z—Z that are needed in the construction of the Poisson

and dissipative brackets. These have already been calculated by Ottinger [22] and read

¢+
oH_ETHy (80a)
6p Y
;ST\H/I = v, (80D)
T
% - 7f (80c)
H .
% =j, (80d)
where the heat flux vector is given now as
o iw_ Vi _ou
Ji=lo 20 ) W 8D
where
o' = (074" + 05 5¢" + 055¢%)". (82)
Also,
7y = = 0L — Uigi g g0 o7, ®)
with
¢MV = (Gf’l(.‘o + O'f,zcl + nygcz)ﬂv + O-f,SI/UH wv + Uf,ﬁ(wﬂwiclv + C’Mw/{w‘/). (84)

The space components ¢’ of the four-vector tensor ¢** do not coincide with the stress tensor components ¥
defined in the nonrelativistic case because they have been corrected to account for the fact that in the definition
of Eq. (73) for ¢, the time-like components ¢; and ¢; are obtained from the product (1 - c)- % Moreover, if
we define [22]

v

B . AU U . V. U;
o'l.j =Y — glOJ — 7160] + 600717]
C C c C

then, we recover the following analogue of Eq. (40a):

) (85)

=6 (w-r1,%) (86)

Consequently, the tensor ¢ in the case of a viscous fluid is the generalization of the tensor O'f(l - ‘2—2’) in
the case of an inviscid fluid.

Now, we are in a position to fix the time-like component of the four-vector w* as well as the fluid entropy
in the comoving frame. To this, we demand the same generalized (relativistic hydrodynamic-thermodynamic)
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Euler expression at the level of the total energy of the relativistic fluid as before, see Eq. (35). In Appendix B we
examine under what conditions such an equation can apply, and we find that Eq. (35) is identically satisfied if
we chose:

S=}/Sf+]—:(5 s, 87

where
JH = _Tif (P*u, + u,u, P%uy). (88)
On the other hand, no extra constraints appear for the time-like component of w*, thus, we take this to
satisfy the same equation as before, Eq. (36). Equations (87) and (88) were the missing building blocks before
applying the generalized bracket formalism to derive the relativistic hydrodynamic equations. In fact, Eq. (87)
suggests the following expression for the four-vector entropy of the relativistic fluid:

]M
St=spul + . (89)
c
It is also a rather straightforward exercise to show that [22]:
T4 = oM w, + u'uo” wy. (90)
3.2.2 Poisson bracket and the corresponding reversible part of the transport equations
We are now in a position to write down the transport equations in the comoving frame. By assuming the same

form of the Poisson bracket as in Eq. (59) and by making use of Eq. (42), the reversible part of the dynamic
equations reads

9p _ _0 .
ot~ “or P Ol
M__90 wm-2.
ot~ or VMmoo P O
ow_ 0 w9 (T
5 = \' arw K W 6r<}/ s (91d)
%+V~VC+C-K+KT'C=K+KT, (91e)

where P is the stress tensor defined by an equation very similar to Eq. (68) above, namely,
P= pfl + (O-f,ll + Gf’zc + O'f’gcz) . (C - 1)
+(0pa—0p5)WW+ (075 —0p6)(WW - C+C- WW)
+af,6(ww~c2+c2-ww+c-ww~c), (92)

whose components match the space components of the stress tensor defined by Eq. (78). The explicit Lorentz-
covariant form of the above transport equations is

d,(psut) =0, (93a)

0,[(ps +u; —u,Pup)utu + P*] =0, (93b)
0M<sfu” + %) =0, (93c)

ut(d,w, —d,w,) =0, (93d)

u(0,¢,, — 0,3, —0,C,,;) = 0. (93e)
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3.2.3 Dissipative bracket and full form of transport equations

To complete the above set of equations, we need to add the dissipative terms. Given that we make use of the
same set of structural variables as in the nonrelativistic case, the dissipative bracket is taken to be the same as
the one defined in Section 3.1.3, see Eq. (70), without the term proportional to 4,, and with the understanding
that (due to the Onsager—Casimir reciprocity principle) the tensor R should be again symmetric, see Eq. (11c):

__ [ OF &G 16F, 6G G
[F.G] = /RU(S = dV /TésR”éwi(SwAdV

- o OoF 6G
_/(Azl(cij_aij) + Ay (& — 6; ))5C 5st
1 6F ~ oG 6G
+/ T 6s (AZI( 51’;’) +A22(Cij 0; ))&, 5st (94)

From this dissipation bracket, the resulting dynamic equations read

P —_9 ), (952)

‘%‘:—i-(vM)—%-p, (95b)

9% __0 (Vs+i) + Ir: ++(AyC + Aypt): T, (95¢)
ot or ] ji 21 22
W _ v 9w wmowo 9 (T R

FT v arw K W 6r(y> R-j, (95d)

%+v Vet+e - k+k -c=k+Kk" —T-(AyC+Ayt). (95¢)

The final step is to determine the matrix R so that a covariant set of transport equations arises. One way to
achieve this is to take advantage of the decomposition implied by Eq. (86) for the vector j and take the matrix R
to be the inverse of the 6, namely,

R=4, 67, (96)

where A, a constant. Then, the entropy production term due to vector w becomes proportional to
(wi —rTsd )ji, which is equal to

U\ ; v; i v;
(wi - nyC—Zl)]i = <wi — nyC—2’>(]i — u’uaa“ﬂwﬂ - ?laof‘wu> =w,J", 97
and thus Lorentz-covariant. Moreover, we can introduce the traceless and isotropic parts of c,,, through

Cpy = %(c:l1 —1)(n,, +u,u,) (98a)

and

6MV = Cuv + uyuv - Eyw (98b)

respectively. Then, for the spatial components we have

c=1 2VV
c= 3tr(c)<1+ y 2 ) (99a)
and

é=c+y2%—a (99b)

With these definitions, one can prove that [22]

€T = Co s (100a)
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Cijtij = €™, (100b)
as well as that
(le +7 2.2] )Tij = C @ (100c)

A direct proof of Eq. (100c) is provided in Appendix C. Equations (97), (100a), and (100b) prove that both
entropy production terms on the right-hand side of Eq. (95c) are covariant. Then, the five dynamic equations
become

% - _ir - (vp), (101a)
%‘f =_% .(VM)_%.p, (101b)

s _ 0 . 1 2 V . — AN
= (vs+i)+ TA(](w— yT —2) J+ (AT + Apl): T, (101¢)

ow d o (T;
W=—v-EW—KT-w 0r< ) A0<w iz 2) (101d)
%+v Vet+c-k+k'-c=k+k' —T- (AyC+Apt), (101e)
o1, in Lorentz-covariant form,
d,(psu") =0, (102a)
0,[(psc® +u; —u,Pup)utu +P) =0, (102b)
wo J” U T MV A AHHY
9, (sfu + ?) = AgW, ¥ + Ay, " + AgyC o P, (1020)
ut (0w, —o,w,) = —Ay(n,,; +uuy)w, (102d)
Ay T ApT

u*(0,€,, — 0,C;, — 0,C,,;) = —%cm “2=6, (102e)

The set of relativistic equations, Eq. (102), is exactly the same as that derived by Ottinger from GENERIC [21].
However, we have to keep in mind that these were obtained by choosing the phenomenological friction matrix R
to satisfy Eq. (96), implying that one could in principle think of other choices of R that could render the transport
equations for the entropy and the thermal vector covariant, and this is something worth pursuing further. We

also observe that in the limit of infinite speed light (% - 0), the nonrelativistic analogue of Eq. (102) reduces to

that of Ottinger, which is quite pleasing.

4 Discussion

It is remarkable that one can use exactly the same form of the Poisson and dissipative brackets in order to
formulate time-evolution equations in the two cases (relativistic and nonrelativistic). Also remarkable is the
fact that one can use the generalized Euler equation, Eq. (35), to get guidance as to how to define the time-like
component of the thermal vector and the entropy four-vector. On the other hand, the full consistency of the final
relativistic equations between the two formalisms of nonequilibrium thermodynamics reveals once more their
close connection and equivalence, despite some striking differences. This also implies that similar conclusions
can be drawn from the present work as those pointed out by Ottinger from his original work on the structural
compatibility of GENERIC with special relativity [21]. That is, that even in the absence of viscous effects, the
classical theory of Eckart [23], the second-order theory of Israel [24], and the equations of extended irreversible
thermodynamics [25] and of kinetic theory [26] do not possess the full nonequilibrium structure of the equations
derived from the generalized bracket and the GENERIC formalisms, although both Israel’s theory and extended
irreversible thermodynamics are very similar in structure while kinetic theory can provide the linearized form
of the equations.
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5 Conclusions

Using as an example the case of an imperfect viscous fluid with heat flow, we have shown that the general-
ized bracket formalism of nonequilibrium thermodynamics is fully compatible with special relativity. Indeed,
by appropriately choosing the stress tensor and the entropy-current four-vector we have been able to formu-
late a set of Lorentz-covariant equations for the three hydrodynamic fields (density, momentum and entropy)
and the two generalized force variables (the thermal vector and the mechanical tensor) that are consistent with
the fundamental evolution equation of the formalism. In our work, the Hamiltonian (i.e., the single genera-
tor of the formalism) has been represented by the time-component of the energy-momentum tensor while the
internal energy density has allowed us to define several auxiliary variables playing the role of relativistic field
properties.

In the more general context of the formalism, it appears that to define Lorentz-covariant equations, one can
start with the same Poisson bracket and the same dissipation bracket as for the corresponding nonrelativistic
system. However, for the final transport equations to satisfy Lorentz covariance, the dissipation rates in the
dissipation matrix must be restricted to specific forms. In fact, in the relativistic case the matrix describing
resistance to heat flow is inherently anisotropic as it must depend explicitly on the velocity field in order for
the final equations to be Lorentz-covariant. It also appears that the form of the four-vector entropy current
can be correctly guessed by invoking a generalized hydrodynamic-thermodynamic Euler equation, which can
tremendously help identify suitable forms of the relevant rates.

In the future, we plan to carry out a systematic stability analysis of the final time-evolution equations to
define the range of physically meaningful model parameters for which stable solutions are computed not only
around the zero-velocity field but also when boosts are considered.
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Appendix A

To find under what conditions Eq. (35) holds, we start from its left-hand side (LHS) which with the help of
Eqgs. ((33a)—(33c)) becomes

A+ T
LHS:pTﬂf+M-v+s7f

v w T
00 2y U w-v Ty
=p;C+ppu;+ (T +pf—c7fw0)—c2 oW, +sy. A

But from Eqs. (22) and (26) we find that

2
T = (pfc2 +up+ pyr+op(uw”) )y2 — P+ oW}, (A2)
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or, using Eq. (25),
2
™= (Pfcz + Tpsp+ uppy +0p (Uaw”) )yz = Pyt opuwg A3
Thus,
T 4 p; — o pucl

7/2 - Sfo - Gf(uaw“)z. (A4)

PyC+pyuy =
Substituting this back into Eq. (A.1) yields

2

T + pr — 6 ,w?
— f %0 2 00 2\ U
LHS = 2 = 55T —op(u,w®)" + (T +pf—afwo)c2
w-v , T;
- = +st
O'wa c y
— T00 2 T a\2 w-v Ty (A.5)
=T+ ps—o;wy —$;Tp — o (uw*)" = o510, +sy. .

Interestingly, if we choose w? so that Eq. (36) is satisfied and s according to Eq. (37), the last five terms on
the right-hand side (RHS) of Eq. (A.5) cancel out identically, nicely leading to the RHS of Eq. (35).

Appendix B

To find under what conditions Eq. (35) holds for an imperfect viscous fluid with heat conduction, we start from
its left-hand side which with the help of Egs. ((80a)-(80c)) and (79) becomes:

ct+ T
LHS=pTMf +M-v+s7f

_ 2 00 _ pooy Ui | 1o Ty
2 ) T
_ 2 00 _ pooy U, 159 f
=p;C+ppup+ (T - P )?+EP ‘Ui+s7. (B.1
But from Eq. (21), we find that:
T = (psC +uy = u,PPuy)y* + P, (B2)
or, using Eq. (25),
TOO = (prZ + Tfo - pf + pf/lf - uaPaﬂuﬁ)]/Z +P00. (Bg)
Thus,
) 00 _ poo op
Substituting this back into Eq. (B.1) yields
T00 _ poo s 00 ooy U5 1 o Tf
LHS = i —5;Tp+ ps+ u,PPuy + (T° - P )? + P ’vi+s7
Iy

=T%— PP —s:T; + p; +u,P%uy + %vai + s7
— TOO + _ POO _ Plxﬂ _ 1})01’ . & —s,.T B5S
= s U Py — PPv; ) + s STy ) (B.5)

If we define
= —Tif(POVuV + uouaP"ﬂuﬁ),
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then,
c U; noi c U; 1oi
= _7f <—yP00 + y—ClPOI + yuaPaﬂuﬂ> = yff <P00 - —CIPOL - uaP“ﬂuﬂ>.
Thus, Eq. (B.5) becomes:

1T T
_ 700 f 50 f
T ]0
=14 p,+L(s—ys,— L),
Pr Y YSs c

implying that Eq. (35) holds provided that we choose the entropy as s = ys; + ]?0 (= 8°),ie., according to Eq. (87)
in the main text.

Appendix C
With the help of Eq. (83), we have:

(Cpy +u,u, )" = (cij + utt;) 7 + (cip + uitty) d° + (coj + uglt;) Y + (oo + Uglty) 9*°

2”in>< i, 0% . p0jli _ 400U Ui)
= |C;: — R A
(’J—H/cz T+¢c+¢c ¢cc
. . U; .
+ (0= 750) 80 + (coj = 7L )¢ + (coo + 7)™, (&Y
thus, to prove Eq. (100c), we must show that
U;U; U V. v:U;
o+ zg)( 07 4 40ili _ 0044)
<” e ¢ c ¢ c ¢ cc
U: . U; .
+ (Cio - },2?1>¢10 + (Coj - 72?])(#]] + (Coo +7*) ™ = 0. (C2)

If we carry out the calculations and collect terms, the LHS of Eq. (C.2), we find:

. U; v; UiU; v; . v: U; v.v: U;
LHS = lO(CuflJr 20 9% o 24>+ 0;<Cufz+ 29500 24)
¢ U e 14 c o~V c ¢ e 4 c 0j Y c

U:U; U \2/U; 2
0o _, “i% 2 Ui\ (% 2
+o ( oo~ (%) (Y) +coo+y>, €3
or, equivalently,
. U; v: U2 v: . v: U-Uz U;
_ 40 Yj 20 U7 _ .20 0j Ui 2Yj vt _2Y
LHS = ¢ <CijC +y C’C2+ci0 y C‘)+<;b <cijcl+y p C2+C0j y C)
SR Pl B Ll . (C4)
Cij P 4 22 Coo T 77 ) .
But, by definition of the tensor Covs
) s
Cj—2 +Co = ?l
Ui _Y
cij?+c0j - (C.5)
V:C::U: 2
Cop= U U _q
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Thus, Eq. (C.4) becomes
. . 2 .U UZ
LHS = 60 Y (14428 _ 2 07 (14428 2
¢C<+J’Cz Y +¢C trig v
2 .2 2
+¢00<_y2‘f”_”_1+y2>_ (C6)

And if we finally substitute Eq. (18) in the main text for y in each of the three parentheses on the RHS of

Eq. (C.6), we find that all of them are zero. Thus, LHS = 0, which is what we wanted to prove.
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